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Summary
In this thesis, we derive the weak Harnack inequality for Lp-viscosity super-
solutions of fully nonlinear uniformly parabolic partial differential equations
(PDE for short) with unbounded ingredients and applications. We define the
notion of Lp-viscosity solutions for elliptic/parabolic PDE in Section 4.1 and
2.1, respectively. In this chapter, we state known results and present main
results. Each abstract conclusion is as follows.
(I) The weak Harnack inequality for Lp-viscosity supersolutions of fully non-
linear second-order uniformly parabolic PDE with unbounded coefficients
and inhomogeneous terms is proved. It is shown that Ho¨lder continuity
of Lp-viscosity solutions is derived from the weak Harnack inequality for
Lp-viscosity supersolutions. The local maximum principle for Lp-viscosity
subsolutions and the Harnack inequality for Lp-viscosity solutions are also
obtained. Several further remarks are presented when equations have super-
linear growth in the first space derivatives.
(II) The Phragme´n-Lindelo¨f theorem for classical solutions of linear parabolic
equations in cones, whose vertex is the origin of Rn+1, was established by
Avner Friedman in 1957. It is extended to fully nonlinear parabolic equations
with unbounded coefficients.
(III) The global equi-continuity estimate on Lp-viscosity solutions of elliptic
bilateral obstacle problems with unbounded ingredients is established when
obstacles are merely continuous. The existence of Lp-viscosity solutions is
established via an approximation of given data. The local Ho¨lder continuity
estimate on the first derivative of Lp-viscosity solutions is shown when the
obstacles belong to C1,β, and p > n.
(IV) The global equi-continuity estimate on Lp-viscosity solutions of parabolic
bilateral obstacle problems with unbounded ingredients is established when
obstacles are merely continuous. The existence of Lp-viscosity solutions is
established via an approximation of given data. The local Ho¨lder continuity
estimate on the space derivative of Lp-viscosity solutions is shown when the
obstacles belong to C1,β, and p > n+ 2.
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This chapter is organized as follows. In Section 1.1, we treat the regu-
larity theory for Lp-viscosity solutions of fully nonlinear uniformly parabolic
equations. Section 1.1 presents the results obtained in Chapter 2. In Section
1.2, we introduce the Phragme´n-Lindelo¨f theorem and present the results
acquired in Chapter 3. In Section 1.3 and 1.4, we consider elliptic/parabolic
bilateral obstacle problems with unbounded ingredients. Section 1.3 and 1.4,
respectively, present the results obtained in Chapter 4 and 5.
1.1 Weak Harnack inequality for fully non-
linear uniformly parabolic equations with
unbounded ingredients and applications
The seminal paper [8] of L.A. Caffarelli was the most influential in the devel-
opment of modern regularity theory for viscosity solutions of fully nonlinear
uniformly elliptic PDE. Various results were proved there, including Har-
nack inequality, Cα, C1,α, C2,α and W 2p estimates, and the reader can find a
more detailed and complete account of them in [9]. Around the same time
similar results like Harnack inequality, Cα and C1,α estimates for viscosity
solutions were also proved by different methods in [60, 59, 61]. In order to
treat PDE with measurable terms, the notion of Lp-viscosity solutions of fully
nonlinear uniformly elliptic PDE was introduced in [10] and similar idea was
also considered in [64]. L. Wang in [64, 65] extended regularity results of
[8] to viscosity solutions of fully nonlinear uniformly parabolic PDE. Later,
Lp-viscosity solutions of parabolic PDE were studied in [14, 17].
The main ingredient in the theory is the Aleksandrov-Bakelman-Pucci
(ABP for short) maximum principle, which gives the L∞-estimates in terms
of the Lp-norms of the inhomogeneous terms. The ABP maximum principle
for viscosity solutions of fully nonlinear uniformly parabolic PDE was proved
in [64]. In [10], the ABP maximum principle was proved for Lp-viscosity
solutions of uniformly elliptic PDE which are uniformly Lipschitz continuous
in the first derivatives. It was later extended for elliptic and parabolic PDE to
equations which are not uniformly Lipschitz continuous in the first derivative
terms in [33], where the Lipschitz coefficient functions (as functions of x and
t) belong to some Lq spaces. The second ingredient of the regularity theory
of [8] is the Harnack inequality for viscosity solutions as well as the weak
Harnack inequality and the local maximum principle. Such results for non-
divergence form equations started with the work of Krylov and Safonov [40]
and the results for strong solutions can be found in classical books [28, 46].
Results for viscosity solutions first appeared in [8, 60] (see [9]). General
form of the weak Harnack inequality for Lp-viscosity supersolutions of fully
nonlinear elliptic PDE (which implies the Ho¨lder continuity of Lp-viscosity
solutions) was proved in [35], using the ABP estimates of [33], while a general
2
local maximum principle for Lp-viscosity solutions can be found in [36]. The
corresponding results for viscosity solutions of uniformly parabolic PDE were
proved in [64], however only for equations which are uniformly Lipschitz
continuous in the first derivatives. In this section, we want to extend them
to Lp-viscosity solutions of more general equations. The relevant equations
are the following parabolic extremal equations
ut + P±λ,Λ(D2u)± µ|Du| ± f = 0 in J,
where P±λ,Λ are called the Pucci extremal operators, f and µ are given, and
J := (−10, 10)n × (0, 10].
In order to present our main results, we shall prepare some notations and
hypotheses. Throughout this thesis, we fix n ∈ N and 0 < λ ≤ Λ < ∞. We
denote by Sn the set of all n × n real-valued symmetric matrices with the
standard order, and set Snλ,Λ := {X ∈ Sn : λI ≤ X ≤ ΛI}. Also, throughout
this section, Section 1.2, Section 1.4, Chapter 2, 3 and 5, under the hypothesis
p1 < p ≤ q, q > n+ 2, (1.1.1)
where p1 = p1(n,
Λ
λ
) ∈ [n+2
2
, n+1) is the constant, which gives a range where
the ABP maximum principle holds, see e.g. [33], we assume that
f ∈ Lp+(J), µ ∈ Lq+(J),
where Lp+(J) denotes the set of all nonnegative functions in L
p(J).
The operators P±λ,Λ : Sn → R are defined by
P+λ,Λ(X) := max{−Tr(AX) : A ∈ Snλ,Λ} and P−λ,Λ(X) := −P+λ,Λ(−X)
for X ∈ Sn, where I denotes the n × n identity matrix. Because we fix
0 < λ ≤ Λ in this thesis, we shall write P± := P±λ,Λ for simplicity. For
properties of P±, we refer for instance to [10].
In Chapter 2, combining the argument from [29] with the ABP maximum
principle of [33], we first show the weak Harnack inequality when the Lq-
norm of the coefficient function µ is small. We then avoid this smallness
assumption by the introduction of a new “heat kernel” like a barrier function
in our proof of the weak Harnack inequality. We will use global estimates on
strong solutions of fully nonlinear parabolic equations from a recent paper
by Dong, Krylov and Xu [20]. We remark that Theorem 1.1.1 below yields
the (local) Ho¨lder estimate.
Theorem 1.1.1. (The weak Harnack inequality) Under (1.1.1), we assume
µ ∈ Lq+(J). Then, there exist constants ε0 = ε0(n,Λ, λ, p, q, ‖µ‖Lq(J)) > 0
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and C0 = C0(n,Λ, λ, p, q, ‖µ‖Lq(J)) > 0 such that for any f ∈ Lp+(J) and any
nonnegative Lp-viscosity supersolution u ∈ C(J) of
ut + P+(D2u) + µ|Du|+ f = 0 in J,
we have (∫
J−
uε0 dxdt
) 1
ε0 ≤ C0
(
inf
J+
u+ ‖f‖Lp(J)
)
, (1.1.2)
where
J− := (−1, 1)n ×
(
0,
1
2
]
, and J+ := (−1, 1)n × (9, 10].
Remark 1.1.2. The constants ε0, C0 above depend on ‖µ‖Lq(J) in a sense
that even if we consider a different µˆ ∈ Lq(J) such that ‖µˆ‖Lq(J) ≤ ‖µ‖Lq(J)
in place of µ in Theorem 1.1.1, the same conclusion holds true with the same
constants as in Theorem 1.1.1.
In order to establish the Harnack inequality, following the argument of
[9] (see also [36]), we obtain the corresponding local maximum principle. We
refer to [64] and [29] for the other approach.
Proposition 1.1.3. (The local maximum principle) Under (1.1.1), assume
µ ∈ Lq+(J). Then, for any ε > 0, there is C = C(ε, n,Λ, λ, p, q, ‖µ‖Lq(J)) > 0
such that for any f ∈ Lp+(J) and any Lp-viscosity subsolution u ∈ C(J) of
ut + P−(D2u)− µ|Du| − f = 0 in J,
we have
sup
J−∗
u ≤ C
[{∫
J−
(u+)ε dxdt
} 1
ε
+ ‖f‖Lp(J)
]
,
where
J−∗ =
(
−1
2
,
1
2
)n
×
(
1
4
,
1
2
]
, and u+ := max{u, 0}.
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This proposition with ε0 > 0, where ε0 is from Theorem 1.1.1, together
with Theorem 1.1.1 yields the Harnack inequality which we state without
proof.
Corollary 1.1.4. (The Harnack inequality) Under (1.1.1), we assume µ ∈
Lq+(J). Then, there is C = C(n,Λ, λ, p, q, ‖µ‖Lq(J)) > 0 such that for any
f ∈ Lp+(J), if u ∈ C(J) is a nonnegative Lp-viscosity subsolution and super-
solution, respectively, of
ut + P−(D2u)− µ|Du| − f = 0, and ut + P+(D2u) + µ|Du|+ f = 0
in J , then it follows that
sup
J−∗
u ≤ C
(
inf
J+
u+ ‖f‖Lp(J)
)
.
We also present the weak Harnack inequality when equations contain the
first space derivative term which may grow superlinearly.
Theorem 1.1.5. (The superlinear growth case) Suppose that one of the
following conditions holds:
(i) n+ 1 < p < n+ 2, m(n+ 2− p) < n+ 2, q =∞,
(ii) p ≥ n+ 2, q =∞,
(iii) n+ 2 < p = q <∞,
(iv) n+ 1 < p < q, q > n+ 2, mq(n+ 2− p) < (n+ 2)(q − p).
(1.1.3)
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Assume also that
1 < m < 2− n+ 2
q
.
Let M ≥ 0, f ∈ Lp+(J) and µ ∈ Lq+(J). Then, there exist constants
δ0 = δ0(n,Λ, λ, p, q,m,M) > 0, C0 = C0(n,Λ, λ, p, q,m) > 0 and ε0 =
ε0(n,Λ, λ, p, q,m) > 0 such that if
‖µ‖Lq(J)
(
1 + ‖f‖m−1Lp(J)
)
< δ0,
and if u ∈ C(J) is a nonnegative Lp-viscosity supersolution of
ut + P+(D2u) + µ|Du|m + f = 0 in J
satisfying 0 ≤ u ≤M in J , then it follows that(∫
J−
uε0 dxdt
) 1
ε0 ≤ C0
(
inf
J+
u+ ‖f‖Lp(J)
)
.
Remark 1.1.6. We note that in (iv) of (1.1.3), if p ≥ n+ 2, then the third
inequality automatically holds.
1.2 The Phragme´n-Lindelo¨f theorem for fully
nonlinear parabolic equations with un-
bounded ingredients
The Phragme´n-Lindelo¨f theorem asserts that the maximum principle holds
for uniformly elliptic equations in unbounded domains, typically cones and
strips, under certain growth condition of solutions. In fact, it is well-known
that without growth conditions of solutions, the maximum principle fails for
unbounded domains in general. We refer to [51], [25], [53] and their refer-
ences for classical results of Phragme´n-Lindelo¨f theorem. We also refer to [2],
[3], [7], [11], [12] and [63] for its generalizations and related topics, where the
weak Harnack inequality near the boundary of domains was used to prove
the ABP maximum principle in unbounded domains. Particularly, Capuzzo
Dolcetta and Vitolo in [12] obtained a Phragme´n-Lindelo¨f theorem for vis-
cosity solutions. Later, it was extended for Lp-viscosity solutions of fully
nonlinear elliptic equations with unbounded coefficients and inhomogeneous
terms in [32].
In case of parabolic equations, to our knowledge, there has been no results
since A. Friedman in [26] first obtained a corresponding Phragme´n-Lindelo¨f
theorem in cones (as defined below). In what follows, we denote by Kθ the
cone of opening angle 2θ, 0 < θ < pi, with its vertex at the origin of Rn+1,
whose axis direct positively in time, i.e.
Kθ := {(x, t) ∈ Rn+1 : t > |x| cot θ}.
6
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Notice that we can treat the case pi/2 < θ < pi. Since we will fix θ ∈ (0, pi)
later, we omit writing θ for Kθ.
The purpose of Chapter 3 is to establish the Phragme´n-Lindelo¨f theo-
rem for Lp-viscosity solutions of fully nonlinear parabolic equations with un-
bounded ingredients by using the weak Harnack inequality near the boundary
in [37]. Because of this difference of two regions J− and J+ in (1.1.2), we
need some careful analysis to apply the weak Harnack inequality near the
boundary. We refer to [55] for the following theorem.
Theorem 1.2.1. (Phragme´n-Lindelo¨f theorem) Under (1.1.1), we assume
µ ∈ Lq+(K). Suppose that there exists a constant Θ1 > 0 such that µ
satisfies(∫
K∩
{
(x,t)∈Rn+1:
√
|x|2+|t|≥R
} µq dxdt
) 1
q
≤ Θ1R−(1−
n+2
q
) for R > 0. (1.2.1)
Then, there exists a constant γ = γ(n,Λ, λ, θ, p, q, ‖µ‖Lq(K),Θ1) > 0 such
that if u ∈ C(K) is an Lp-viscosity subsolution of
ut + P−(D2u)− µ|Du| = 0 in K (1.2.2)
satisfying that
u(x, t) = O
(
(|x|2 + |t|)γ) as |x|2 + |t| → ∞, (x, t) ∈ K, (1.2.3)
and
lim sup
(x,t)→∂K
u(x, t) ≤ 0, (1.2.4)
then it follows that u ≤ 0 in K.
Remark 1.2.2. We notice that even for elliptic equations, a decay similar
to (1.2.1) is assumed in [12] and [32]. We also remark that (1.2.1) holds for
any function µ : K → R such that
µ(x, t) = o
(
1√|x|2 + |t|
)
as |x|2 + |t| → ∞, (x, t) ∈ K.
Remark 1.2.3. The conclusion of Theorem 1.2.1 does not hold if the cone
K is replaced by the half space Rn× (−∞, 0). A counter example was given
in [26]
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1.3 On Lp-viscosity solutions of elliptic bilat-
eral obstacle problems with unbounded
ingredients
In this section, we consider the following elliptic bilateral obstacle problem
min{max{F (x,Du,D2u)− f, u− ψ}, u− ϕ} = 0 in Ω, (1.3.1)
under the Dirichlet condition u = g on ∂Ω, where Ω ⊂ Rn is a bounded
domain, F is at least a measurable function on Ω × Rn × Sn, and f , ϕ, ψ
and g are given.
In contrast, unilateral obstacle problems are described by
max{F (x,Du,D2u)− f, u− ψ} = 0 in Ω,
or
min{F (x,Du,D2u)− f, u− ϕ} = 0 in Ω.
Since, in the literature, there have appeared numerous researches on unilat-
eral obstacle problems when F are partial differential operators in divergence
form, we only refer to [6, 31, 45, 27, 50] and references therein for the exis-
tence and regularity of solutions. As crucial regularity results of solutions of
unilateral obstacle problems, we refer to [30, 44]. We also note that unilateral
obstacle problems arise in stochastic optimal stopping time problems. We
refer to [24, 58] and references therein for this issue.
Going back to bilateral obstacle problems, we refer to [48] and [19], respec-
tively, for a nice review and a pioneering regularity result. As an application,
we also refer to [18].
We note that the equation (1.3.1) is formally equivalent to the following
problem: 
F (x,Du,D2u) ≤ f(x) in {x ∈ Ω : u(x) > ϕ(x)},
F (x,Du,D2u) ≥ f(x) in {x ∈ Ω : u(x) < ψ(x)},
ϕ ≤ u ≤ ψ in Ω.
Furthermore, we notice that (1.3.1) can be regarded as the following Isaacs
equation
min
α∈[0,1]
max
β∈[0,1]
{Fα,β(x, u,Du,D2u)− fα,β} = 0 in Ω,
where for two parameters α, β ∈ [0, 1],
Fα,β(x, r, ξ,X) = αβF (x, ξ,X) + α(1− β)r + (1− α)r
and
fα,β(x) = αβf(x) + α(1− β)ψ(x) + (1− α)ϕ(x),
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because of the fact that for A,B,C ∈ R,
A ∧ (B ∨ C) = min
α∈[0,1]
max
β∈[0,1]
{αβA+ α(1− β)B + (1− α)C}.
Here and later, we use the following notations: for a, b ∈ R,
a ∨ b := max{a, b}, a ∧ b := min{a, b}, a+ := a ∨ 0 and a− := (−a) ∨ 0.
On the other hand, we have few results when F has non-divergence struc-
ture. Duque in [21] recently shows interior Ho¨lder estimates on viscosity
solutions of bilateral obstacle problems for fully nonlinear uniformly elliptic
operators with no variable coefficients, no first derivative terms and con-
stant inhomogeneous terms but only assuming that the obstacles are Ho¨lder
continuous; 
F (x, ξ,X) = F (X) for (x, ξ,X) ∈ Ω× Rn × Sn,
f ≡ C,
ϕ, ψ ∈ Cα(Ω) for some α ∈ (0, 1).
Assuming the above hypotheses, in [21], we obtain the existence of viscosity
solutions of (1.3.1) under the Dirichlet condition, and interior Ho¨lder esti-
mates on the first derivative of viscosity solutions of (1.3.1) when obstacles
are in C1,β for β ∈ (0, 1). The results associated with parabolic problems are
also shown in [21]. We refer to [42, 43] for very recent related topics, and to
[13] for a different approach via Tug-of-War games.
Although a clever use of the weak Harnack inequality was adapted to
show those estimates in [21], in order to extend the results for more general
F and f , it seems difficult to establish the estimates near the free boundary
and near ∂Ω. In [38], we extend regularity results in [21] for fully nonlinear
uniformly elliptic equations with unbounded coefficients and inhomogeneous
terms.
In Chapter 4, we present the results in [38]. More precisely, under more
general hypotheses than those in [21], we show the equi-continuity of Lp-
viscosity solutions of (1.3.1) in Ω, the existence of Lp-viscosity solutions of
(1.3.1), and their local Ho¨lder continuity of derivatives under additional as-
sumptions. In [21], the author obtained interior Ho¨lder estimates on the
space derivative of viscosity solutions of bilateral obstacle problems under
assuming that the obstacles are separated. In [38], we remove this hypothe-
sis.
For the corresponding results of parabolic obstacle problems, we cannot
use the argument in the proof of Ho¨lder estimates on the derivative of Lp-
viscosity solutions because the domain, where the infimum is taken, differs
from that of the Lε0(quasi)-norm in weak Harnack inequality, which arises
in Proposition 4.1.4 for the elliptic case. We find a new argument to avoid
this difficulty. We refer to [56] for the parabolic version of Chapter 4.
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For x ∈ Rn and r > 0, we set
Br := {y ∈ Rn : |y| < r}, and Br(x) := x+Br.
For any p > 0 and u : Ω→ R, we denote the quasi-norm:
‖u‖Lp(Ω) =
(∫
Ω
|u(x)|p dx
) 1
p
.
We note that ‖ · ‖Lp(Ω) satisfies
‖u+ v‖Lp(Ω) ≤ Cp
(‖u‖Lp(Ω) + ‖v‖Lp(Ω)) for some Cp ≥ 1, (1.3.2)
where Cp = 1 provided p ≥ 1.
In order to present our main results, we shall prepare some notations and
hypotheses. For 0 < α < 1, we denote by Cα(Ω) and C1,α(Ω), respectively,
the sets of all functions u defined in Ω satisfying that
‖u‖Cα(Ω) := ‖u‖L∞(Ω) + sup
x,y∈Ω,x ̸=y
|u(x)− u(y)|
|x− y|α <∞
and
‖u‖C1,α(Ω) :=‖u‖L∞(Ω) + ‖Du‖L∞(Ω)
+ sup
x,y∈Ω,x ̸=y
|u(y)− u(x)− 〈Du(x), y − x〉|
|x− y|1+α <∞.
Throughout this section, under the hypothesis
p0 < p ≤ q, q > n, (1.3.3)
where p0 ∈ [n2 , n) is the constant in [22], we suppose
f ∈ Lp(Ω). (1.3.4)
Concerning F , we suppose that there exists
µ ∈ Lq(Ω) (1.3.5)
such that
F (x, 0, O) = 0 and
P−(X − Y )− µ(x)|ξ − ζ| ≤ F (x, ξ,X)− F (x, ζ, Y )
≤ P+(X − Y ) + µ(x)|ξ − ζ|
(1.3.6)
for x ∈ Ω, ξ, ζ ∈ Rn, X, Y ∈ Sn. We note that (1.3.6) yields µ ≥ 0 in Ω.
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For obstacles ϕ, ψ and the Dirichlet datum g, as compatibility conditions,
we suppose
ϕ ≤ ψ in Ω, and ϕ ≤ g ≤ ψ on ∂Ω. (1.3.7)
We at least assume that
ϕ, ψ ∈ C(Ω), and g ∈ C(∂Ω). (1.3.8)
In order to obtain the estimate near ∂Ω, we suppose the following condi-
tion on the shape of Ω, which was introduced in [3].{
There exist R0 > 0 and Θ0 > 0 such that
|Br(x) \ Ω| ≥ Θ0rn for (x, r) ∈ ∂Ω× (0, R0). (1.3.9)
We call a function ω : [0,∞) → [0,∞) a modulus of continuity if ω is
nondecreasing and continuous in [0,∞) such that ω(0) = 0.
Our first result is the global equi-continuity estimate on Lp-viscosity so-
lutions. Here and later, we use the notation
α0 := 2− n
p ∧ n ∈ (0, 1].
Theorem 1.3.1. (Global equi-continuity estimates) Assume (1.3.3), (1.3.4),
(1.3.5), (1.3.6), (1.3.7), (1.3.8) and (1.3.9). Then, there exists a modulus
of continuity ω0 such that if u ∈ C(Ω) is an Lp-viscosity solution of (1.3.1)
satisfying
u = g on ∂Ω, (1.3.10)
then it follows that
|u(x)− u(y)| ≤ ω0(|x− y|) for x, y ∈ Ω.
If we moreover assume that
ϕ, ψ ∈ Cα1(Ω), and g ∈ Cα1(∂Ω) for α1 ∈ (0, 1),
then there exist α2 ∈ (0, α0 ∧ α1] and C > 0, independent of u, such that
|u(x)− u(y)| ≤ C|x− y|α2 for x, y ∈ Ω.
Thanks to Theorem 1.3.1, we establish the following existence result.
In order to apply an existence result in [16], we shall suppose the uniform
exterior cone condition on ∂Ω in [47], which is stronger than (1.3.9).
Theorem 1.3.2. (Existence) Under (1.3.3), (1.3.4), (1.3.5), (1.3.6), (1.3.7)
and (1.3.8), we assume the uniform exterior cone condition on ∂Ω. Then,
there exists an Lp-viscosity solution u ∈ C(Ω) of (1.3.1) satisfying (1.3.10).
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For further regularity results, assuming
q ≥ p > n, (1.3.11)
we define β0 ∈ (0, 1) by
β0 := 1− n
p
.
To show C1,β estimates, we will see in Section 4.4 that it is necessary to
suppose that
ϕ, ψ ∈ C1,β1(Ω) for some β1 ∈ (0, 1). (1.3.12)
We will use the constant β2 defined by
β2 := β0 ∧ β1 ∈ (0, 1).
To state the next theorem, we prepare some notations. For small r > 0,
we introduce subdomains of Ω:
Ωr := {x ∈ Ω : dist(x, ∂Ω) > r}.
For u ∈ C(Ω) such that ϕ ≤ u ≤ ψ in Ω, we set
C−[u] :=
{
x ∈ Ω : u(x) = ϕ(x)}, C+[u] := {x ∈ Ω : u(x) = ψ(x)} ,
C±[u] := C−[u] ∪ C+[u] ⊂ Ω,
and the non-coincidence set
N [u] := Ω \ C±[u] = {x ∈ Ω : ϕ(x) < u(x) < ψ(x)}.
For small r > 0, we define subdomains of N [u]
Nr[u] := {x ∈ Ωr : dist(x,C±[u]) > r}.
For F in (1.3.1), we use the following notation:
θ(x, y) := sup
X∈Sn
|F (x, 0, X)− F (y, 0, X)|
1 + ‖X‖ for x, y ∈ Ω.
Theorem 1.3.3. (Interior Ho¨lder estimates on the first derivative) Let βˆ ∈
(0, 1) be from Proposition 4.1.8 in Section 4.1. Assume (1.3.11), (1.3.4),
(1.3.5), (1.3.6), (1.3.7) and (1.3.12). For each small ε > 0, there exist C > 0
and δ0 > 0 such that if u ∈ C(Ω) is an Lp-viscosity solution of (1.3.1), and if
1
r
‖θ(y, ·)‖Ln(Br(y)) ≤ δ0 for r ∈ (0, ε) and y ∈ Nε[u], (1.3.13)
then it follows that
|Du(x)−Du(y)| ≤ C|x− y|β3 for x, y ∈ Ωε,
where
β3 :=
{
β2 provided β2 < βˆ,
any β ∈ (0, βˆ) provided β2 ≥ βˆ.
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1.4 On Lp-viscosity solutions of parabolic bi-
lateral obstacle problems with unbounded
ingredients
In this section, we consider the following parabolic bilateral obstacle problem
min
{
max
{
ut + F (x, t,Du,D
2u)− f, u− ψ} , u− ϕ} = 0 in ΩT , (1.4.1)
under the Cauchy-Dirichlet condition u = g on ∂pΩT . Here, ΩT := Ω× (0, T ]
for a bounded domain Ω ⊂ Rn and T > 0, F is at least a measurable function
on ΩT × Rn × Sn, and f , ϕ, ψ and g are given.
In [49] and [52], for k = 0, 1 and α ∈ (0, 1], we obtained interior Ck,α esti-
mates on viscosity solutions of unilateral obstacle problems for fully nonlinear
uniformly parabolic operators with zero order terms and certain homogene-
ity properties when the obstacle is in Ck,α. However, we cannot apply the
argument of [49, 52] because we deal with unbounded coefficients and inho-
mogeneous terms. Note that under our hypotheses (1.4.3), (1.4.4) and (1.4.5)
below, we do not know if the comparison principle holds for Lp-viscosity so-
lutions of ut + F (x, t,Du,D
2u)− f = 0, while in [49, 52], they suppose that
the comparison principle holds for the equation. We will give the definition
of Ck,α in this section.
Using the weak Harnack inequality and a compactness argument devel-
oped in [52], for k = 0, 1 and α ∈ (0, 1), Duque in [21] recently shows interior
Ck,α estimates for bilateral obstacle problems for fully nonlinear uniformly
parabolic equations with no variable coefficients, no first derivative terms
and constant inhomogeneous terms when obstacles are independent of time,
and in Ck,α;
F (x, t, ξ,X) = F (X) for (x, t, ξ,X) ∈ ΩT × Rn × Sn,
f ≡ C,
ϕ(x, t) = ϕ(x), ψ(x, t) = ψ(x) for (x, t) ∈ ΩT ,
ϕ, ψ ∈ Ck,α(ΩT ) for k = 0, 1 and α ∈ (0, 1).
In [56], we extend regularity results in [21] for fully nonlinear uniformly
parabolic equations with unbounded coefficients and inhomogeneous terms.
In Chapter 5, we present the results in [56]. More precisely, under more
general hypotheses than those in [21], we show the equi-continuity of Lp-
viscosity solutions of (1.4.1) in ΩT , the existence of L
p-viscosity solutions of
(1.4.1), and their local Ho¨lder continuity of space derivatives under additional
assumptions. In [21], the author obtained interior Ho¨lder estimates on the
space derivative of viscosity solutions of bilateral obstacle problems under
assuming that the obstacles are separated. In [56], we remove this hypothesis.
For (x, t) ∈ Rn+1 and r > 0, we set
Qr := Br × (−r2, 0], and Qr(x, t) := (x, t) +Qr.
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For any p > 0 and u : ΩT → R, we denote the quasi-norm:
‖u‖Lp(ΩT ) :=
(∫ T
0
∫
Ω
|u(x, t)|p dxdt
) 1
p
.
We note that ‖ · ‖Lp(ΩT ) satisfies
‖u+ v‖Lp(ΩT ) ≤ Cp
(‖u‖Lp(ΩT ) + ‖v‖Lp(ΩT )) for some Cp ≥ 1. (1.4.2)
Notice that we may choose Cp = 1 when p ≥ 1.
In order to present our main results, we shall prepare some notations
and hypotheses. By following the notation from [17], for 0 < α < 1, the
spaces C0,α(ΩT ) and C
1,α(ΩT ), respectively, denote the sets of all functions
u defined in ΩT satisfying that
‖u‖C0,α(ΩT ) := ‖u‖L∞(ΩT ) + sup
(x,t),(y,s)∈ΩT
(x,t)̸=(y,s)
|u(x, t)− u(y, s)|
d((x, t), (y, s))α
<∞
and
‖u‖C1,α(ΩT ) :=‖u‖L∞(ΩT ) + ‖Du‖L∞(ΩT )
+ sup
(x,t),(y,s)∈ΩT
(x,t)̸=(y,s)
|u(y, s)− u(x, t)− 〈Du(x, t), y − x〉|
d((x, t), (y, s))1+α
<∞.
In what follows, we simply write Cα(ΩT ) for C
0,α(ΩT ).
Throughout this paper, under the hypothesis (1.1.1), we suppose
f ∈ Lp(ΩT ). (1.4.3)
The structure condition on F is that there exists
µ ∈ Lq(ΩT ) (1.4.4)
such that
F (x, t, 0, O) = 0 and
P−(X − Y )− µ(x, t)|ξ − ζ| ≤ F (x, t, ξ,X)− F (x, t, ζ, Y )
≤ P+(X − Y ) + µ(x, t)|ξ − ζ|
(1.4.5)
for (x, t) ∈ ΩT , ξ, ζ ∈ Rn, X, Y ∈ Sn. We note that (1.4.5) implies µ ≥ 0 in
ΩT .
For obstacles ϕ, ψ and the Cauchy-Dirichlet datum g, as compatibility
conditions, we suppose
ϕ ≤ ψ in ΩT , and ϕ ≤ g ≤ ψ on ∂pΩT . (1.4.6)
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We at least assume
ϕ, ψ ∈ C(ΩT ), and g ∈ C(∂pΩT ). (1.4.7)
Our first result is the global equi-continuity estimate on Lp-viscosity so-
lutions of (1.4.1). Hereafter, we use the notation
α0 := 2− n+ 2
p ∧ (n+ 2) ∈ (0, 1].
Theorem 1.4.1. (Global equi-continuity estimates) Assume (1.1.1), (1.3.9),
(1.4.3), (1.4.4), (1.4.5), (1.4.6) and (1.4.7). Then, there exists a modulus of
continuity ω0 such that if u ∈ C(ΩT ) is an Lp-viscosity solution of (1.4.1)
satisfying
u = g on ∂pΩT , (1.4.8)
then it follows that
|u(x, t)− u(y, s)| ≤ ω0(d((x, t), (y, s))) for (x, t), (y, s) ∈ ΩT .
Notably, if we assume that
ϕ, ψ ∈ Cα1(ΩT ), and g ∈ Cα1(∂pΩT ) for α1 ∈ (0, 1),
then there exists α2 ∈ (0, α0 ∧ α1] and C > 0, independent of u, such that
|u(x, t)− u(y, s)| ≤ Cd((x, t), (y, s))α2 for (x, t), (y, s) ∈ ΩT .
Thanks to Theorem 1.4.1, we establish the following existence result.
Theorem 1.4.2. Under (1.1.1), (1.4.3), (1.4.4), (1.4.5), (1.4.6) and (1.4.7),
we assume the uniform exterior cone condition on ∂Ω. Then, there exists an
Lp-viscosity solution u ∈ C(ΩT ) of (1.4.1) satisfying (1.4.8).
In Section 5.4, assuming
q ≥ p > n+ 2, (1.4.9)
we define
β0 := 1− n+ 2
p
∈ (0, 1).
To obtain C1,β estimates on Lp-viscosity solutions of (1.4.1), we suppose that
ϕ, ψ ∈ C1,β1(ΩT ) for β1 ∈ (0, 1). (1.4.10)
We will use the constant β2 defined by
β2 := β0 ∧ β1 ∈ (0, 1).
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To state the next theorem, we prepare some notations. For small r > 0,
we introduce subdomains of Ω and ΩT , respectively,
Ωr := {x ∈ Ω : dist(x, ∂Ω) > r}, and ΩrT := Ωr × (r2, T ].
For u ∈ C(ΩT ) such that ϕ ≤ u ≤ ψ in ΩT , we set coincidence sets
C−[u] := {(x, t) ∈ ΩT : u(x, t) = ϕ(x, t)},
C+[u] := {(x, t) ∈ ΩT : u(x, t) = ψ(x, t)},
C±[u] := C−[u] ∪ C+[u] ⊂ ΩT ,
and the non-coincidence set
N [u] := ΩT \ C±[u] = {(x, t) ∈ ΩT : ϕ(x, t) < u(x, t) < ψ(x, t)}.
For small r > 0, we define subdomains of N [u]
Nr[u] := {(x, t) ∈ ΩrT : dist((x, t), C±[u]) > r}.
For F in (1.4.1), we use the following notation:
θ((x, t), (y, s)) := sup
X∈Sn
|F (x, t, 0, X)− F (y, s, 0, X)|
1 + ‖X‖ for (x, t), (y, s) ∈ ΩT .
Theorem 1.4.3. Assume (1.4.9), (1.4.3), (1.4.4), (1.4.5), (1.4.6) and (1.4.10).
Let β3 ∈ (0, βˆ ∧ β0) ∩ (0, β1], where βˆ ∈ (0, 1) is from Proposition 5.1.5 in
Section 5.1. For each small ε > 0, there exist C > 0 and δ0 > 0 such that if
u ∈ C(ΩT ) is an Lp-viscosity solution of (1.4.1), and if
1
r
‖θ((y, s), ·)‖Ln+2(Qr(y,s)) ≤ δ0 for r ∈ (0, ε] and (y, s) ∈ Nε[u], (1.4.11)
then it follows that
|Du(x, t)−Du(y, s)| ≤ Cd((x, t), (y, s))β3 for (x, t), (y, s) ∈ ΩεT .
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